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GIBBS-ENSEMBLE MOLECULAR DYNAMICS:
LIQUID-GAS EQUILIBRIA FOR LENNARD-JONES
SPHERES AND n-HEXANE

M. J. KOTELYANSKII* and R. HENTSCHKE
Max-Planck Institut fiir Polymerforschung, Ackermannweg 10, 55128 Mainz, Germany
(Received June 1995, accepted September 1995 )

We present a novel method to simulate phase equilibria in atomic and molecular systems. The method is
a Molecular Dynamics version of the Gibbs-Ensemble Monte Carlo technique, which has been developed
some years ago for the direct simulation of phase equilibria in fluid systems. The idea is to have two
separate simulation boxes, which can exchange particles {or molecules) in a thermodynamically consistent
fashion. Here we present the derivation of the generalized equations of motion and discuss the relation
of the resulting trajectory averages to the relevant ensemble. We test this Gibbs-Ensemble Molecular
Dynamics algorithm by applying it to an atomic and a molecular system, i.e. to the liquid-gas coexistence
in a Lennard-Jones fluid and in n-hexane. In both cases our results are in good accord with previous
mean field and Gibbs-Ensemble Monte Carlo results as well as with the experimental data in the case of
hexane. We also show that our Gibbs-Ensemble Molecular Dynamics algorithm like other Molecular
Dynamics techniques can be used to study the dynamics of the system. Self-diffusion coefficients cal-
culated with this method are in agreement with the result of conventional constant temperature Molecu-
lar Dynamics.

KEY WORDS: Gibbs-Ensemble molecular dynamics, liquid-gas coexistence, Lennard-Jones fluid,
n-hexane.

1 INTRODUCTION

Several years ago Panagiotopoulos [1] proposed the so called Gibbs-Ensemble
Monte-Carlo (GEMC) technique for the direct simulation of phase coexistence in
liquids and liquid mixtures. With respect to this purpose, the main advantage of the
GEMC method over other techniques, such as thermodynamics integration, grand
canonical Monte Carlo or Widom test particle insertion, is that each coexistence
point requires only one simulation run [2]. This is achieved by actually performing
two simultaneous simulations in two physically separated volumes or simulation
boxes, which, however, may exchange particles such that not only the temperature
but also the pressure and the chemical potential in the two volumes is the same. The
original method and its modifications have been applied to numerous systems re-
viewed extensively in reference [2]. Certain modifications of the method have been
already employed (cf. [2]) or in future studies may be employed to simulate other

*On leave from the N. N. Semenov Institute of Chemical Physics of the Russian Academy of Sciences,
ul. Kosygina 4, Moscow, Russia; present address: Dept. of Chem. Engineering, University of Delaware,
Newark, DE 19716-3110, USA

95



19:18 14 January 2011

Downl oaded At:

96 M. J. KOTELYANSKII AND R. HENTSCHKE

types of equilibria. One might for example think about fluid layers confined (or been
squeezed out) between the mica surfaces of a surface force apparatus, where the
temperature and the chemical potential are still the same for the confined fluid and
the communicating bulk fluid, but where the pressures may be quite different. Or
one might think about simulating osmotic equilibria, where one box represents a
section within the interior of the osmotic cell and the other represents a section
within the bulk of the reference solution. Thus far Gibbs-Ensemble simulations are
mostly based on the Monte Carlo (MC) sampling method. However, Cagin [3]
recently pointed out that Gibbs-Ensemble simulations based on the Molecular
Dynamics (MD) technique may be useful alternatives in dense and more compli-
cated systems, where efficient MC sampling may be difficult. Subsequently Palmer
and Lo [4] presented such a MD implementation of the Gibbs-Ensemble method
and applied it to a Lennard-Jones fluid.

In the following we want to discuss another Gibbs-Ensemble Molecular Dynami-
¢s (GEMD) method, which recently we introduced in a brief report, where we also
simulate the liquid-gas coexistence in a simple Lennard-Jones fluid [5]. Here, how-
ever, we want to extend our GEMD method to a molecular system. One important
difference between our GEMD algorithm and the suggestion of Cagin [3] and the
algorithm implemented by Palmer and Lo [4] is that we do allow all the particles to
be transferred between the two boxes simultaneously, not just one at a time. In
addition, our algorithm does not involve a grid search for the position of the
introduced particle as is used in [6]. The specific problem, which we consider here, is
the liquid-gas coexistence of n-hexane, which we choose as first test for a molecular
version of our GEMD method. Recent GEMC work by Smit et al. has focused
extensively on the liquid gas coexistence in n-alkanes ranging from C; to C,4 [7-9],
and their work in combination with the available experimental data for short chain
lengths forms a basis of comparison for our GEMD method.

The paper is structured as follows. First we describe the application of the GEMD
method to the phase coexistence of a molecular one component system. Then we
briefly review the previous results obtained for the liquid-gas coexistence in the
limiting case of a simple Lennard-Jones fluid. In the third section we discuss the
corresponding results for the case of hexane. The last section is a short conclusion.

2 METHOD

The GEMC method originally was introduced in [1] to simulate the liquid-gas
coexistence of a single-component fluid system. In this case one has two physically
separated volumes (or simulation boxes) whose combined volume and combined
particle number is constant. Both boxes are at the same temperature and pressure.
In addition they can exchange particles in a way such that the chemical potential
also is the same in both boxes. For a specified temperature, and with the proper
choice of the total volume, the system may phase separate so that there will be the
pure liquid in one box and the pure coexisting gas in the other. This can happen
below the critical temperature, when the average density corresponds to the ther-
modynamically unstable states below the liquid-vapor coexistence line.
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In the following we develop an analogous scheme for a molecular system within
the MD framework. In conventional MD one numerically solves the equations of
motion for a system of N particles contained in a box of volume V having the total
potential energy U. Here we consider a molecular system consisting of N atoms in
M molecules, and we write the total potential energy U as a sum over inter- and
intra-molecular interactions, i.e.

U= Uinter + Uintra = z q)(Faﬁ) + Z Uinlra({?aei}) (1)
i<j i
aei, fej

The first term, U,,,,,, is the sum over atom-atom pair potentials ®(7,,), where
F,=T,— Ty and 7, and 7, are the position vectors of the atoms labeled o and
belonging to two different molecules i and j. The second term, U, _,, is the potential
energy due to all intra-molecular interactions, i.e. bond stretching, valence angle and
torsional distortions as well as intra-molecular non-bonded interactions. In order to
simulate a variable number of molecules i in each of the two boxes we introduce an
extra degree of freedom £, for every molecule. &; can vary between 1 and 0, where
¢, =1 means that molecule i is in box 1, whereas ¢; = 0 means that it is in box 2. For
1> ¢&,>0itis in a ‘transition state’, where it is ‘felt’ in both boxes. Thus, we rewrite
the inter-molecular potential energy of the system as a function of the coordinates
and the ¢; as

Uned { Tl G V1 Vo) = 30 O(Fop VI)EE; + ©(Fp Vo) = E)L = ET + X 9(E)
(2)

aet, fej

=U;+U,+ Zg(éz)

1

where V; and V, are the volumes of the two boxes. The first two terms, U, and U,
represent the inter-molecular potential energies of the first and the second box,
respectively. Notice that as soon as we apply periodic boundary conditions and
inter-particle interactions are calculated involving the particles closest images, the
distance between them, and therefore the inter-molecular potential energy, is a
function of the box dimensions (or the volume if the shape of the box is kept fixed).
As in GEMC, the transfer of particles (or molecules) is controlled by the difference
between their potential energies in the two boxes. The number of unphysical (but
necessary) transition state molecules can be made small in comparison to the total
number of molecules by introducing an additional potential function g(&,) = 0, which
is equal to zero only at ;=0 and at &, = 1. In the following we use

wltanh(u¢;) + tanh(u(l — &) — 1], 0<¢;<1
g(&)=q0 ;<0 (3)
oo L&>1

This additional potential introduces a barrier of height w and steepness u between
the states corresponding to the ‘real’ particles, i.e. particles or molecules which are
entirely in one or the other of the two boxes (the exact definition of what this means
is given below), making the transition states unfavorable.
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In the case of liquid gas-coexistence in a one-component system the temperature,
the pressure, and the chemical potential, even though the latter two are not explicit-
ly specified, must be equal in the two phases and thus in the two boxes. Similar to
the GEMC method this can be achieved if every change of the volume of one of the
boxes is accompanied by an opposite but equal change of the volume of the other
box. Thus, the total volume V=1V, + ¥, of the two boxes is constant, while the
individual volumes are variable. The GEMD equations of motion describing this
case, as we shall see below, can be written as follows

B.=m,r,
LU
Dy c7, np,
1 p?
h=—1)—>—Xk 'I]
QT a Tty B
p;KZméiéi
. ¢ - ; . 0
D=~ =— 3, [®(Fyp V))& — O, Vo)1 = E)] — Y9 (&) “4
oc; JOED T 0¢;
aei, fej
Py, =08V,
. cuU
LT
o Lo 3 . . e
= E_I/l Z (D(rapaVl)%,'Cj_aVz Z q)(rqp’Vz)(l_C.i)(l_éj) :P1”‘P2
i<j t<J
xel, fief aei, fej

Here p, and p, are the momenta conjugate to the cartesian coordinates 7, and the
transfer coordinate ¢, respectively. # is an additional degree of freedom, and Q; is a
parameter governing the temperature relaxation. Note that the first three equations
describe the evolution of a system coupled to an external heat bath with the tem-
perature T[10], where X is a coefficient, which, as we shall see below, must be equal
to the number of degrees of freedom coupled to the thermostat. Thus, if there would
be only one box, this would correspond to the well known extended system NVT
ensemble simulation, where the temperature of the box is controlled via a Nose-
Hoover thermostat. The next two equations govern the evolution of the &; and thus
the transfer of the molecules between the boxes. The last two equations are the
equations of motion of the box volume V), where p, is a momentum variable
conjugate to V,, and Q, is a parameter governing the volume relaxation. Thus, the
volume changes are controlled by the difference between the instantaneous values of
the ‘external” pressures P{ and P in the two boxes. Here, for each box, we employ
the (single-box) constant-pressure MD algorithm proposed in reference [117, i.e. if
again there would be only one box, say the first box, the equations p,, = Q,V; and
py, =P — P would be identical to the equations of motion derived for the box
volume in reference [11] (cf. also equation (16) in reference [12]), where P is just the
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preassigned pressure, which here is replaced by the instantaneous external pressure
P5 in the second box. In this algorithm the 7, are not scaled by the box dimensions
and they are not mapped back into the box accordlng to the boundary conditions
whenever a particle leaves the primary box and enters one of the surrounding image
boxes. The coupling to the volume fluctuations rather happens through the posi-
tions of the image particles, which is an advantage in the present context. In order to
show that P; — P; = — 0U/dV; we must realize first that

ou ou, U, aUI ou,
L=l 2 (5)
oV, oV, ov, oV, av,
Secondly, considering for simplicity the first box only, the inter-molecular atom-
atom interaction energy is

O(7, V)EE; = O(F, — Ty — R, )EL, (6)
where
R,,=ViP(n.n,n) (7)

is a vector, which maps the separation of the coordinates 7, and 7, into the proper
distance between the atoms o and § according to the minimum image convention
(assuming a cubic box). The n,,n,,n, are integers. Because it is only I_él'" which
depends on V,, we can write

U= T 9,000, WL, ®
aeli,>ﬁjej
and thus
oU, e
7=z 3V<v,ﬂq>(ra,,,vl)fékl ) P; ©)
aei, fej

However, this is just equation (21) in reference [11] for the instantaneous external
pressure (where of course &; = ¢;=1). The same argument applies to the second box.

To analyze the thermodynamic properties of the ensemble described by the above
set of equations of motion, we use the same arguments as were used by Hoover in
the context of a constant temperature MD algorithm [10]. In the present case the
generalized Liouville’s equation, which describes the evolution of the phase space
density distribution as a function of time, including the flow along the V,, 5, and ¢;
directions, is

o .o Lo o . of o,
+laZElaa—» ua—;+éla€ +p£a +I/18]/1+ Vla +’16’1
o op, 0%  p, OV  0py, O
L ) = 10
/ <i,aeia?a+aﬁa 3 o, TV, T opy, Ton) =" (10)

By direct substitution and using the above equations of motion one can see that the
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following density function

{raJ’{pz} {CIJ’ {pé} Vlﬂpr Y])OC

1 2 2 12
em[ kTQM:Lx}mww+Z[;l ;l]+§i+9§)] (1)

L aet

represents an equilibrium solution, provided that X is equal to the degrees of
freedom in the system, i.e. X =3N — K, where K is the number of constraints used
for instance to fix bond lengths or valence angles. Thus, assuming ergodicity, trajec-
tory averages based on the above equations of motion are equivalent to the corre-
sponding averages calculated with this distribution.

Next we want to show that the averages obtained with f for each of the boxes are
in fact equivalent to constant (u, P, T)-ensemble averages in the thermodynamic
limit, provided that the number of the particles in the transition state is small. The
GEMD trajectory average of some quantity 4, which depends on the coordinates
and the momenta of the atoms 1,...,n constituting the molecules 1, ..., m residing
{for example) in the first box, is given by

1 . . - o oo .
(A Gemp = _—_Q' fdg“dr”dp”dVlA(rl, i P Bis s Bu)
GEMD

1 2
emfgﬂwmAmnHZfﬁ] (12

iaei (]

where

O = | dEar ap™ av, exp[—-k—<U({ AR AT P, >] (13)
o B i, 1e1
Here we have already performed the integration over #, p., and p, and we have
canceled the respective factors in the numerator and the denominator, as indicated
by the primed Q(gyp. By choosing a proper w in g(£;) we can make the number of
molecules in the transition state negligibly smail. In this case we can also replace the
integration over the &, by the summation over all possible combinations of their
values (0 or 1). Notice that for each value of m there are M!/(m!(M-m)!) equivalent
terms, corresponding to the same number of ways of distributing the total number
of M distinguishable molecules between the two volumes. Thus (A4} ;pyp becomes

1 M M!
QGemp meo MM —

. oL . m p*ozt
A(rl...r,,,pl...p,,)exp{ r T( Z D7 V) + Y Upall a})+——>]

<A>GEMD = m)' deI dr3n dp3n

i>j i=1,aei 2m°!
xei,fej
. 1
J‘dr““_"’dpwv*"’ exp[—ﬁ( Y. WP Vo) + z UiiaU 7 )] (14)
N P "

where the expression for Qeyp transforms analogously. In addition, the integration
over the coordinates and the momenta of the N-n atoms belonging to the M-m
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molecules in the second box is just equal to Qy_, . r B> (M —m)!, where
Or—my,r 1S the partition function of the isochoric-isothermal (M-m, V,, T)-ensemble
for M-m molecules consisting of a total of N-n atoms in the volume V, at temperature T.

Next we use that the partition function of a (M', V', T')-ensemble can be related to
the partition function of the isobaric-isothermal (M, P', T")-ensemble, with the press-
ure P’ being the average pressure in the (M, V', T')-ensemble (or vice versa — V' being
the average volume in the (M', P’, T'}-ensemble) via a Laplace transformation with
respect to V', which can be evaluated by applying the saddle-point method [13], i.e.

Py M MPY 4L TY)
QM’,P',T Zexp( k T )QM',V’,T’ = 7 Jdv exXp <_ kBT’

0

=exp< )QMVTf< /2’””" O«M')")> (15)

Here V, is just a basic unit of volume to render QM p,r dimensionless [14],

—(V’Z)ZF/GV’Z) !l is the compressibility, and v = =V /M and F(T, v)=
F(T', M'v')/M’ are the volume and the free energy per particle in the (M, V', T')-
ensemble, respectively. Bars indicate saddle-point values. Applying this to our case,
ie. V=V, T'=T, M =M —m, and P’'= P,, the pressure in the second box, we
obtain

0 =Q ex 10 ! 43 (1+0(M—m™Y) (16)
M-mV;, T M —m, Py, T CXP kyT \/— 27tkT\

Finally we rewrite Q,_,, p, ; in terms of Q,, ,  using

U QM—m,PZ,T
oo(i27) = Tgmt a

where p, is the chemical potential of the molecules in the second box [15]. Now we
can put everything together, ie. we replace Q) _,, p, r in {ADgpyp by the saddle-
point approximation and subsequently express Q, _, p, + via the above relation.
Canceling the terms independent of m and n, ie. M!, B*Y, Q, .  exp (P,V/kgT),...,
between numerator and denominator, we obtain in the thermodynamic limit

1 ¥ 1

CAdeemp =77 Z mlh3n exp <k T) de dr*dp>" A, ...7,, D, ... D,)
GEMD m=0 M

P,V 1 -
exp(~ ki?i)expl: k T( Z (I) aﬂ’ V)+ ; I:Uimra({ra

i>j i
a€i, fej

p}
s ])] o

as well as the corresponding expression for Qfeyp, Where the double prime is just a
reminder that the common factors were canceled and that we keep only the leading
contribution in the limit of a large number of particles. Thus {A)geyup coincides
with the average of A in the generalized constant (u, P, T)-ensemble [16]. Notice that
the average over the first box is calculated with the pressure and chemical potential
of the second box, which shows the equality of these values in both boxes.
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3 LIQUID-GAS EQUILIBRIUM FOR THE LENNARD-JONES SYSTEM

Before we employ the above method to simulate liquid-gas coexistence in a simple
molecular fluid we want to briefly discuss its application to a simple atomic model
system, i.e. the Lennard-Jone fluid [5]. We consider a system consisting of a total of
M = N =250 identical particles with unit mass interacting via the potential

on-o{("()

with ¢ =¢ = 1. In addition we cut the potential at r = 2.5 and shift it, so that the
potential is zero for r>=2.5. The GEMD equations of motions were integrated
numerically using the leap frog version of the Verlet algorithm [14] with a time step
of 1073, A supplementary algorithm which deals with the abrupt changes in the
potential g(&) at ¢ =0,1 is contained in the Appendix. However, it is worth noting
that because the results are not sensitive to the exact form of g(&) high precision of
the ¢-integration near £ = 0.1 is not crucial. As we pointed out before, it is important
to maintain a low (but non-zero) number of particles in the transition state. We find,
that in our case the values w =0.1 and u = 100 yield both reasonably fast exchange
of the particles between the boxes and a low population of the transition state at the
same time, Le. we find that at equilibrium for more than 95% of the particles
0< &, <107% or 0.9999 < ¢, < 1. In the following we assign the particles to the first
and the second box according to these respective intervals, whereas all other par-
ticles are considered to be in the transition state. The values of the remaining
parameters used here are Q= Qp =100, m;= 15, m, = 10m,. The resulting liquid-
gas coexistence densities as function of temperature are shown in Figure 1 together
with the results of a corresponding GEMC simulation [17] and an approximate
mean field calculation [18]. Note that these reference calculations refer to exactly
the same system, which is important, because of the sensitivity of the results to the
cut-off of the potential. As Figure 1 shows, the reference densities essentially bracket
the coexistence densities obtain via the GEMD method. The GEMD densities
shown in Figure 1 are obtained first for a low temperature, which then provides the
initial configurations for the other temperatures.

We can also try to estimate the location of the critical point based on the simula-
tion results. Here we follow a procedure discussed in detail in [17] and [19], where-
by the critical temperature T * and the critical density p¥* (the star indicates reduced
LJ units) can be estimated by fitting the GEMD results in the range T* > 0.85 by
pr=p¥+C(1—T*TX + Cy(1 — T*/T* (cf. also [20]). Note that here the law of
rectilinear diameters (p* + P2 =p¥+ C,(1 —T*/T*) and the power law behavior
pf—pr=2C,(1- T*/T) are assumed. In addition we use the 3D Ising exponent
=032 as in [17] and [19]. Thus we obtain T¥=1097+0.004 and
p¥=0.327+0.004, in rather close accord with the GEMC result T* = 1.085 + 0.005
and p* =0.317 +0.006 [17]. Note, however, that the temperature range on which
these fits are based is of course somewhat arbitrary, and it is not quite clear how far
below the critical point the above expression is still a reasonable fit. On the other
hand, there is too much scatter in the simulation results at this point so that the
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inclusion of higher terms in the above expansion about the critical point is not
useful. A more detailed discussion of the behavior of the GEMD results in the
vicinity of the critical point is given below in the context of the molecular system.
For one of the temperatures, ie. T*¥=0.9 in Figure 1, Figure 2 illustrates the
dependence of the number of LJ particles in the gas and in the transition state as
well as the corresponding average reduced gas density as a function of the height w
of the transfer potential in equation (3). As we pointed out before, it is important to
maintain a low (but non-zero) number of particles in the transition state. Above

1.15
1.05

* L
T 0.95

0.85

Figure1 Reduced liquid-gas coexistence densities vs. reduced temperature, where T* =k,T/c and
p* = pa>. p is the number density in the respective box. Filled symbols: GEMD; hollow symbols: GEMC
result of reference [17]. Circles: liquid densities; squares: gas densities; triangles: average densities. Cross-
es: analytical approximation of reference [18]. The error bars indicate standard deviations. The lines
(solid: GEMD; dashed: GEMC) are fits as described in the text.

50_""1"_rf"‘l"‘l"lrf'l"'.o.l
40| 4008
30F 4 0.06
N | p*
20 F 1004
10 {002
0 [ A PP PR s S i P
002 006 0.1 0.14

w

Figure 2 Average number of Lennard-Jones particles N and average reduced gas density p* vs. the
height of the transfer potential w for T* = 0.9. Squares: N in the gas; triangles: N in the transition state;
circles: gas density.
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w = 0.08 the number of transition state particles, for which 0.9999 < ¢, < 1, is indeed
small. Here the gas density assumes its proper value, which upon further increasing
w does not change. It is, however, important to note that the proper magnitude of w
depends on the specific system, i.e. for the hexane system discussed below we use
w=0.05. Whereas Figure 2 refers to the situation at the end of the respective
simulation run, it is also interesting to look at the evolution of the number of
particles and the densities in the two boxes. We want to do this below for the case of
the molecular system.

In conclusion of this section we like to mention that we compared the results
obtained with the Nose-Hoover thermostat [10] with the analogous results ob-
tained with the thermostat proposed by Berendsen et al. [21]. Even though only for
the former case one can prove that the algorithm does reproduce a canonical
ensemble (cf. below), the obtained coexisting densities were the same within the
statistical error in both cases. The second algorithm however is more stable numeri-
cally, and most of the results presented here were obtained with it. The same results
were also obtained using the standard virial formula [ 14] for the pressure instead of
the external pressure [11]. This is natural, as it was shown in reference [11] that,
although the instantaneous values of the two pressures are different, their averages
are the same in both cases. Finally there is a minor but noteworthy numerical point.
A particle i for which for instance & < 10~ # is considered to be a full particle in the
first box. The strong divergence of the potential (19) for r - 0, however, may lead to
numerical artifacts if this particle’s position coincides closely with the position of
another particle in the second box, because according to equation (2) a particle is
always ‘felt’ in both boxes. One way to avoid this problem, i.e. the collision between
two full particles which are in different boxes, is to introduce a short-range ‘ghost’
cut-off eliminating the divergence of the potential at r=0. In the present case we
choose a cut-off of 0.5.

4 LIQUID-GAS COEXISTENCE OF n-HEXANE

In this section we want to consider liquid-gas coexistence in a simple molecular
system. We choose a short chain alkane, n-hexane (C¢H,,) in our case, because
n-alkanes have been considered in numerous simulation studies and there are rela-
tively simple but still rather accurate potential functions available to model their
intra- and inter-molecular interactions. Here we use the AMBER (Assisted Model
Building with Energy Refinement) potential [22,23]. We employ the ‘united-atom’
representation, where the CH;- and CH,-groups are replaced by effective LJ
spheres. For the intra-molecular interactions, which include harmonic valence angle
and cosine-type torsional potentials we use the tabulated AMBER force-field para-
meters [22,23], whereas the lengths of the chemical bonds are kept fixed by means
of the SHAKE algorithm [24]. Even though other simulations indicate that the
exact form of the intra-molecular interactions are not of great importance in the
present case [9], our results suggest that some care has to be taken. The inter-
molecular interactions, which appear to be the most important however, are again
described by means of 6—-12 LJ potentials
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wameal (2
af af

cting between the ‘united’ atoms. Here the AMBER parameters are not adequate,
and we use the parameters o¢y, = oy, =3.93 A, écp, = 1140 K, écy, =47.0K taken
from reference [8]. The parameters for the cross-interactions are calculated via the
usual mixing rules g;= \/;.sj and o,;=(0;+0;)/2. The other parameters are
Q=10 m, which now is equal to the mass of the molecule, u = 100, and v = 0.05.
There is no explicit value for @ in this case, because we use the Berendsen thermo-
stat with a relaxation time of 0.2 ps (cf. above) throughout this simulation. The
above mentioned ‘ghost’ cut-off is 3 A, and the total number of molecules is 144.
Figure 3 shows the liquid-gas coexistence curve obtained for this case in compari-
son to the experiment [25] as well as in comparison to the corresponding GEMC
results [8,9]. Both, the experimental densities and the GEMC densities, agree very
well for all but the temperatures close to the critical point, where the GEMC
coexistence region widens in comparison to the experiment. The open squares show
our results obtained for a LJ cut-off R_,, = 10A, where we also shift the potential as
in the case of the above LJ system. Even though the thus obtained critical tempera-
ture and density are both underestimated, this simulation shows that the GEMD
methods appears to work for the simple molecular system as well. Before we address
the quantitative improvement of this result, it is worth looking at the typical time
evolution of the number of molecules in the two boxes as well as in the transition

540 :l'llll‘l’T_Fl' ||||||l||||l|l|||||||1_

500 L
460 [
T/K |
420 F

380 |

340

0 01 02 03 04 05 06
plg cm™

Figure 3 Liquid-gas coexistence curve for hexane. Hollow circles: experimental data of reference [25];
hollow triangles: Gibbs-Ensemble Monte Carlo result, obtained with a 13.84 cut-off including long-range
corrections, taken from [8] and [9]. The large solid circle corresponds to the experimental critical
point. Hollow squares: this work using a cut and shifted LJ potential, were the cut-off is at 104; solid
squares: using a 154 cut-off instead; small solid circles (at T= 440 K). liquid densities for a 12A and a 144
cut-off, respectively; plusses: result obtained for a 10 A cut-off including long-range corrections. As in
Figure 1, the error bars indicate standard deviations. These are omitted for the plusses in order to not
obscure the Figure. The lines (solid: GEMD; dashed: experiment) are again fits as described in the text.



19:18 14 January 2011

Downl oaded At:

106 M. J. KOTELYANSKII AND R. HENTSCHKE

state and at the typical time evolution of the coexistence densities observed during
the GEMD simulation runs.

For T=420 K Figure 4 shows the number of molecules in each of the two boxes
and in the transition state (left axis) as well as the actual instantaneous liquid and
gas densities (right axis) as functions of time. As before we assign all molecules i for
which 0 < &, < 10™* to box one and those for which 0.9999 < £, <1 to box two. This
simulation run (as well as all other runs) was started from one particular initial
configuration, in which all but one of the molecules are accumulated in one of the
boxes. Virtually all of the molecules then ‘rush’ into the transition state from which
they are redistributed into the boxes. This, however, is a special feature of this initial
configuration, which, if so desired, can be avoided by starting from an initial con-
figuration closer to the final distribution (cf. the LJ system discussed above). Here
both densities initially increase with time as the transition state is depopulated.
Whereas the box volumes fluctuate considerably, the molecule number fluctuations
are small for the above choice of parameters. For a series of temperatures the
density fluctuations as a function of both time and temperature are shown in Fig-
ure 5. For low temperatures the coexistence region is wide, i.e., gas and liquid
densities are well seperated, and the fluctuations of the densities are small. On
approaching the critical temperature the fluctuations grow. In the present case, i.e.
for R, =10 A, T=500K corresponds to a temperature just above the critical point.
Here the densities in the two boxes fluctuate strongly and no distinction is possible
between liquid and gas. Thus, for the present choice of the interaction parameters
the critical temperature would be close to 460 K. Due to the limited length of the
simulation on which the corresponding panel in Figure 5 is based, it is of course not
possible to say whether this temperature is just slightly above or below the critical
temperature.

We can improve the quantitative agreement with the experimental result signifi-
cantly by increasing R_,. The convergence is illustrated for T=440 K in Figure 3,
which shows the coexistence densities for R_, =10, 12, 14 and 15 A. Note that

4 0.6

120 3

920
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60

30

0. .1....1...1#,,:0
0 100 200 300 400

t /ps

Figure4 Number of molecules M (left axis) and density p (right axis) vs. time ¢t at T=420K and
R s 10A. Upper thin line: M in the liquid box; lower thin line: M in the gas box; decreasing thin line:
M ' the transition state. Upper thick curve: liquid density; lower thick curve gas density.
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Figure 5 Densities p along the coexistence curve vs. time ¢ for five different temperaturesand R = i0A
(cf. open squares in Figure 3). Thick curves: liquid densities; thin curves: gas densities.
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R, = 15A yields excellent quantitative agreement with the GEMC result as well as
with the experiment (for T< 480 K). The deviations from the experiment close to
criticality are to be expected, because we are using model interactions which are
rather similar to those used to calculate the GEMC results. If we apply the same
procedure as for the LJ fluid to the hexane densities, we can again estimate the
location of the critical point. Based on the GEMD results for T> 420 K we obtain
T~ 529K and p_x 024g/cm?, whereas the location of the experimental critical
point is T, % 507 K and p, = 0.23g/cm?>.

Rather than using a large cut-off it is desirable to be able to employ the usual LJ
longrange corrections [14]. These corrections modify p. = ~dU/d¢; in (4). Here we
must add — (U + US)/é¢; to the right-hand-side, where

U~ z 4 — ZC ZC f @, (rr*dr (21)

cut

and U5 is given by an analogous expression with &; replaced by 1 — ¢, and V,
replaced by V,. Notice that the indexes v and p label distinct (‘united’) atom types in
the interacting molecules i and j. The only other change affects 1"",l = P{ — P4 (also in
{4)). Here we must add the pressure correction P§" — P$° to the left-hand-side, where

e.cor o 2n 1 4 dq)vu(r) 3
P T TN Lmr et (22)

and P$°" is again given by an analogous equation. Using again R, = 10A (but of
course without shifting the potential) and including the above long-range correc-
tions yields the plusses in Figure 3. The coexistence region thus obtained is wider
than the measured one. We attribute this to the somewhat different intra-molecular
interaction terms used here in comparison to the optimized force field used in
reference [9] from which we have taken the GEMC results, and where the authors
also include the usual long-range corrections. It is worth mentioning in this context
that we checked that as long as R, 1s sufficiently large (here ~ 10 A} the results do
not depend on the specific value of R_,. However, another possible contribution to
the discrepancy may be that the system close to criticality gets trapped in metastable
states {(cf. [9]).

Unlike MC, MD provides not only equilibrium thermodynamic but also dynamic
quantities. To demonstrate that the present GEMD algorithm is also able to do so
we calculate self-diffusion coefficients D at T=400K and T=460K in the liquid
phase and compare them to self-diffusion coefficients calculated at the same tem-
peratures and densities using conventional NVT-MD for 72 hexane molecules inter-
acting via the same force field. The resulting atomic mean-squared displacements
{Ar*y as functions of time are shown in Figure 6. The diffusion coefficients obtained
via straight line fits to {(Ar*) for long times using the Einstein relation (e.g. [14])
virtually coincide for the two methods. We obtain D =10.0-10"°m?/s and D =
99107 °m?/s at T=400K and D=16210"°m?/s and D=16.1-10"°m?/s at
T=460 K for GEMD and NVT-MD, respectively.
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t/ps
Figure 6 Mean square displacement {(Ar?) of the hexane carbon atoms vs. time t calculated at coexist-
ence in the liquid via GEMD (hollow symbols) and via NVT-MD (solid symbols) under corresponding

conditions for T=400 K (circles) and T= 460 K (squares). The lines (solid; GEMD; dashed NVT-MD)
are fits to the linear range of (Ar?).

5 CONCLUSION

In this paper we have extended our GEMD algorithm previously developed for the
case of a simple LJ fluid to simple molecular fluids. We find that the method gives
rather good agreement with both experimental as well as GEMC results for
n-hexane. We have also shown that GEMD can be used to calculate dynamic
properties of the system in addition to equilibrium properties at coexistence. Qur
main objective here, however, was not to simulate the coexistence curve of n-hexane
but rather to demonstrate that the proposed algorithm yields results, which are in
qualitative and quantitative agreement with GEMC. In fact, for the case of liquid-
gas coexistence, the MD approach may not necessarily have any advantage over the
MC approach. After, all the additional information regarding the explicit temporal
evolution of the densities and the particle exchange between the boxes may not be
especially significant, because it is based, unlike in the experimental situation, on a
path through an unphysical transition state. On the other hand, the MD approach
may be particularly useful in complex systems, where MC move are difficult and
possibly slow. Two examples of such systems were given in the introduction, i.e. the
osmotic equilibrium between a bulk solvent and a solvent in a macromolecular
network or the equilibrium between a bulk liquid and the same liquid confined
between (macro-) molecular brushes. Whether GEMD possess an advantage here
remains to be seen. However, the adaptation of the above algorithm for these
situations is rather straightforward.
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APPENDIX

In this appendix we discuss the modification of the integration scheme for reflection
from the rigid wall in &-direction. The additional potential function g(¢) defined in
equation (3} introduces two hard walls at { =0 and £ =1, and its derivative is not
continuous at these points. Therefore, the Verlet leap-frog scheme for “smooth”
potentials, which we use to integrate the equations of motion (4), must be modified
in the case of ¢ during an encounter with a wall.

Consider the motion of a particle i along the ¢; direction. Its value at the n + 1-st
step, £(t, + A1), where t is the time and At is the time step, can be written as

At T .
&ty + A0 = 1) + SL) A + { dr J dv'Z(t, + 1) (A.1)
0 0

where the dots indicate time derivatives. If between ¢, and ¢, + At particle i collides
with the wall then ¢(t, + Af) would be outside the interval (0,1) unless a d-function
type force act on it and reverses its velocity. ¢; here contains two contributions, i.e.,
¢, due to the smooth part of the potential and the -function contribution describing
the collision with the wall. Let £, + 7, be the time when the particle reaches the wall,
ie. &(t,+1,) is equal to either 1 or 0. Then the above formula becomes

At T

Eit, + Ay = Eft,) + Eft) At + f drj dv é(t, + 1)+ A(At —1,) (A2)
0 0

with 4 = —2(t, + 1,). This expression is exact. To construct the numerical integra-

tion scheme, we expand the acceleration and velocities in Taylor series around their

values at the n-th step, i.e.,

Et, + 1) =E(t) + & (t,)7 + O(r'?) (A3)

and

ity + 1) = &it,) + CilE)T,, + 3 éi(tn)‘cvzv + O(‘C?v) (A4)
Performing the integration in (A.2) using (A.3) and (A.4) we obtain

Gty + 80 = 6(6) + E(AT+ BN+ E AP

= 2At =7, )it + &lt)e,) — (At~ )E (1,)e} + O(ArY)  (A5)

The last two terms in equation (A.5) describe the contribution from the wall. This
expression shows, that we are left with two options. Either we evaluate the third
order derivative, which is necessary if we want to preserve the fourth-order accuracy
of the Verlet algorithm, or we sacrifice one order of accuracy. Here we prefer the
latter, because it does not led to additional force evaluations nor does it introduce
extra memory requirements. Thus, whenever a collision with the wall occurs, we
switch to the third-order algorithm for one step to calculate the new values of
&,(t, + At) and the corresponding velocity. Equations for the third order scheme are
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obtained easily from equation (A.5) by dropping all O(At®)-terms. After some rear-
rangements they assume the form

. 1.
‘):i(tn + At) = Cfi(tn) + ii(tn)rw + 5 &-i(tn)‘[\zv

CAr— e +E ) T (A — T ) (A

describing a particle, which 1s reflected elastically from the wall at time 1, + 7, and
subsequently travels with the acceleration &(t,). First we calculate ¢,(t, + 7,,), i.e. the
¢-velocity at the collision,

Sty + 1,07 = 285 (ENE(t, — A — Eilt, + 1)) + Ei(t, — A1’ (A7)
and the time to collision 1, after the n-th step
| S .
= &) — & , A8
fu= — g )+ ) (A3)

where sign[¢,(t, + 1,,)] is chosen according to whether the particle is reflected to-
wards the positive or towards the negative ¢-direction. Now we can simply write the
new ¢; and &, as

Ut AD = 50, + 1) + G0, + LKA — 1) 4 S EENA- T (A9)

and
Gty + A =E,(t, + T,) + &6, A2 — 1) (A.10)

Notice, that in order to switch back to the leap-frog Verlet algorithm &(t, + At) is
taken as the ¢-velocity at the half step.



